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Abstract 

We extend our work in Q to the case of Hopf comodule coalgebras. 

We introduce the cocyhndrical module C\\T-l, where H is a Hopf alge- 
VJD I bra with bijective antipode and C is a Hopf comodule coalgebra over 

>0 ■ 7i. We show that there exists an isomorphism between the cocyclic 

module of the crossed coproduct coalgebra CxTi and A(Ctl7^), the 
O \ cocyclic module related to the diagonal of C\\l-L. We approximate 

HC*{C >^ Ti) by a spectral sequence and we give an interpretation 

for E'^, E^ and E^ terms of this spectral sequence. 



•^ ■ 1 Introduction 

rS 

c^ I Getzler and Jones in [^] introduced a method to compute the cyclic homol- 

ogy of a crossed product algebras A xi G, where G is a group that acts on an 
algebra A by automorphisms. This method is based on constructing a cylin- 
drical module, A\\G, and showing that A{A\\G) = C,{A x G), where A is 
the diagonal and C, the cyclic module functor. Then by using the Eilenberg- 
Zilber theorem for cylindrical modules, they obtained a quasi-isomorphism of 
mixed complexes A{A\]G) = Tot,{A\]G), and a spectral sequence converging 
to HC,{A XI G). This spectral sequence was first obtained, by a different 
method, by Feigin and Tsygan 0]. We used the the same method in [||] to 
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generalize their work to Hopf module algebras with the action of a Hopf alge- 
bra Ti on an algebra A, where the antipode of Ti is assumed to be bijective. 
In this paper we continue our work in |]I[ to obtain similar results for Hopf 
comodule coalgebras. 

We construct a cocylindrical module Ct]7i and we show that there ex- 
ists an isomorphism between cocyclic structures of the diagonal of Ct]7i, 
denoted by A(Ct]7i), and the crossed coproduct coalgebra C X 7i. We 
apply the Eilenberg-Zilber theorem for cocylindrical modules to get a quasi- 
isomorphism of mixed complexes, A(Ctl?i) = Tot*{C\\T-C), and we approxi- 
mate HC'{C X Ti) by a spectral sequence. We give an interpretation for 
the first three terms of this spectral sequence. In our computations we find 
the coinvariant cocyclic module C^{C) that is dual to C^(A) that we found 
in [Hi. 



2 Preliminaries on cocylindrical modules and 
Hopf algebras 

Let [j]ij G Z+ be the set of all integers with the standard ordering and 
tj an automorphism of [j] defined by tj{i) = i + l,i G Z. The paracyclic 
category A^o is a category whose objects are [j]-,] > and whose morphisms, 
Hom\ {[i], [j]), are the sets of all nondecreasing maps f : [i] ^ [j] with 

One can identify the simplicial category A as a sub category of Aqo so 
that the objects of A are the same as Aqo and morphisms, Hom/^{[i], [j]), are 
those morphisms of Hom\^{[i], [j]) that map {0, 1, ... , i} into {0, 1, . . . , j}. 
Every element g G Hom/^^{[i], [j]) , < r < oo, has a unique decomposition 
g = f t'l where / G Hom^{[i], [j]). 

If A is any category, a paracocyclic object in ^ is a covariant functor 
from Aoo to A. This definition is equivalent to giving a sequence of objects 
Aq, v4i, . . . together with coface operators d^ : An ^ An+i, {i = 0,1, . . . ,n + 
1), codegeneracy operators a* : y4„ — > An-i, {i = 0,1, . . . ,n — 1), and cyclic 
operators r„ : A„ — i> An where these operators satisfy the cosimplicial and 
At>o-identities: 



»-oo 



d^d' = d'd^~^ i < j. 



d^a^ ^ i < j 
a^d^ = ^ identity i = j or i=j + l 
d'-^a^ i> j + 1. 



Tn+id' = 9^-V„, 1 < 2 < n , r„+i9° = d\ 
T^.^a' = (t'-V„, l<i<n, Tn-ia" = a'^-^l (1) 

(2) 

If in addition we have t""*"^ = id, then we have a cocychc object in the 
sense of Connes 0. By a bi-paracocydic object in a category A, we mean a 
paracocychc object in the category of paracocychc objects in A. So, giving a 
bi-paracocychc object in A is equivalent to giving a double sequence A{p, q) 
of objects of A and operators 9p,g, cxp^q, Tp^q and 9p,q, o"p,g, fp^g such that, for all 
p>0, 

and for all g > 0, 

are paracocychc objects in A and every horizontal operator commutes with 
every vertical operator. 

We say that a bi-paracocyclic object is cocylindrical p if for all p,q >0, 

=P+1 g+l _ -J (o\ 

'p,q 'p,q ~ ''"'P,q- {'-') 

If A is a bi-paracocyclic object in a category A, the paracocychc object 
related to the diagonal of A will be denoted by AA. So, the paracocychc 
operators on AA{n) = A{n,n) are 9;,^+i <9; ,,, a^ ^.^cr^ ,,, r„^„r„^„. When A 
is a cocylindrical object since the cyclic operator of AA is fn,nTn,n and f , r 
commute, then, from fnt^^nt^ = idn^n, we conclude that (T„_„rn,n)"^"^ = id. 
So that Ay4 is a cocyclic object. 

Let A; be a commutative unital ring. By a paracocychc (resp. cocylindri- 
cal or cocyclic) module over k, we mean a paracocychc (resp. cocylindrical 
or cocyclic) object in the category of fc-modules. 



An important example of a cocyclic module in this paper is the cocyclic 
module of a coalgebra C, denoted by C'(C). It is defined by C"(C) = 
(^(g){n+i)^^ > 0, with coface, codegeneracy and cyclic oparators 

d\ao, ai, . . . , an) = (ao, • • • , af\ af % . . . , a„), I < i < n, 
o (ag, ai, . . . , a„) = (oq ,...,..., a„, Cq ), 
cr*(ao,ai,.. .,a„) = e(ai)(ao, • • • , aj_i, Oj+i, . . .,a„), I < i < n, 
r(ao, ai, . . . , a„) = (ai, 02, . . . , ao)- 

A paracochain complex, by definition, is a graded /c-module V = (V^*)igf!} 
equipped with operators 6 : V* — > V^'+^ and B : V^ ^ V^"^ such that 
b"^ = B"^ = 0, and the operator T = 1 — {bB + S6) is invertible. In the case 
that T = 1, the paracochain complex is called a mixed (cochain) complex. 

Corresponding to any paracocyclic module A, we can define the para- 
cochain complex C'{A) with the underlying graded module C"(y4) = A(n) 
and the operators b = J^^^oi—^Yd^ and B = Na{l — (— l)"+-'^r). Here, 
a is the extra degeneracy satisfying rcr° = ar, and N = Yl^=oi~^y^'^^ i^ 
the norm operator. For any bi-paracocyclic module A, Tot{C{A)) is a para- 
cochain complex with Tot'"-{C{A)) = ^„_,_„=„ ^(p, Q') and with the operators 
Tot{b) = 6 + 6 and Tot{B) = B + TB, where T = l-{bB + Bb). It is a 
mixed complex if A is cocylindrical |^. 

If we define the normalized cochain functor N from paracocyclic mod- 
ules to paracochain complexes with the underlying graded module H'^{A) = 
nr=o ker{cr^) and the operators b,B induced from C*{A), then we have the 
following well-known results(see P] for a dual version): 

1. The inclusion {N*{A),b) -^ {C*{A),b) is a quasi-isomorphism of com- 
plexes. 

2. The cyclic Eilenberg-Zilber theorem holds for cocylindrical modules, i.e., 
for any cocylindrical module A, there is a natural quasi-isomorphism fo-|-ufi : 
N*(A(A)) — ^ Tot*{N{A)) of mixed complexes, where fo is the shuffle map. 

When A is a cocyclic module, then we can construct the related mixed 
complex (C •(A)[u], b + uB). The cohomology of the complex (C •(y4)[u] ®fc[u] 
W, 6 + uB) defines the cyclic cohomology of A with coefflcients in W, where 
W is a graded A;[u]-module with finite homological dimention. We denote 
C .(A) 0k[u] W by C{A) M\N. We know that if W = k[u, u'^], k[u, u~^]/uk[u], 
k[u]/uk[u] we get, respectively, HP* (A) the periodic cyclic cohomology, 
HC*{A) the cyclic cohomology and HH*{A) the Hochschild cohomology of 



In this paper the word coalgebra means a coassociative, not necessarily 
cocommutative, counital coalgebra over a fixed commutative ring k. Simi- 
larly, our Hopf algebras are over k and are not assumed to be commutative 
or cocommutative. The undecorated tensor product means tensor product 
over k. If 7i is a Hopf algebra, we denote its coproduct by A : 7i ^ 7i®7i, its 
counit hj e : H ^ k, its unit by r/ : A; — > 7i and its antipode hy S : Ti ^> Ti. 
We will use Sweedler's notation A(/i) = h^^'^ ^h^^\A'^{h) = {A^id)oA{h) = 
(id ® A) o A{h) = h^'^' ® h^^' ® h^"^', etc., where summation is understood. 
If 7Y is a Hopf algebra, the word H-comodule means a comodule over the 
underlying coalgebra of H. We use Sweedler's notation for comodules. Thus 
if p : M — i> 7Y Cg> M, is the structure map of a left ?i-comodule M, we write 
p(m) = m^^^ (g) m^^\ where summation is understood. 

A coalgebra C is called a left 7i-comodule coalgebra if C is a left 7i- 
comodule and the comultiplication map C — »• C (S> C and the counit map 
C ^ k are morphisms of 7i -comodules, i.e., for all a & C, 

^a«e(a(5))=e(a)l^, 

where e is the counit of C. The reader can consult for various examples 
of comodule coalgebras. 

If ?i is a bialgebra and C a left ?^-comodule coalgebra, the crossed co- 
product coalgebra C X Ti is defined as C ®7i with the coalgebra structure 

e{a(g)g) = e{a)e{g), 
for g (zTi and a G C 

For more information on cyclic homology and Hopf algebras we recom- 
mend 1,1,0, 1,1. 

3 The Cocylindrical Module C^H 

Let 7i be a Hopf algebra with bijective antipode and C a left H-comodule 
coalgebra. In this section we associate a cocylindrical module C\\'H to this 



data by C^H = {7^®(P+^)®C®(9+i)}p,q>o. We define the operators r^,,, o»p,g, ap,^ 



and Tp^q, dp^q, (Tp^q as follows: 



l^.(i)^ (^ . ^ I . . .(o)^ 



Tp.glfl'o, . . . , 5'p I «o, • • • , s) = (5' (flo ) ■ (fi'o, . . . , fi-p) I ai, . . . , ttq, ao ), 

'^p,g(fl'0; ■ ■ ■ ,gp I «0, • • • ,S) 

= (fi'o, • • • , fl'p I ao, • • • , flj, ai+2, • • • , ag)e(ai+i) <i < q, 

^p,g(5'0, • • • ,5'p I «0, • • • jOg) 

= (5-0, •••,fl'p I ao, •••,af\al^\a*+i,---,S) < z < g, (4) 

9p,q \90^ • • • 55'p I CtO; • • • ? S) 

— 1*^ 1*^0 j ■ I5'i; ••• jS'pJ I cto ,ao, • • • ,S''^o J' 
where /i ■ {qq, . . . ,gp) := {h^^^go, . . . , h^^^gp), and we see that 

5-^(4^)) ■ (^0, . . . , <7p) =J5-^(a«(^))<?o, . . . , S-\ai;^^%p) 
= (S-'ia^o^-.-^S-'ial^^^p). 

'rp,q{go, ...,gp\ao,...,aq) = {gi,..., gp_u (af,^^ . . . a'^q^)go | 4°\ . . . , 4°^), 

^p,g(5'o, • • • ,5'p I oo, . . . ,ag) 

= (fi'o, ■■■,gi, gi+2, ...,,gp\ao,..., aq)e{gi+i) < i < p, 

d^qigo, ■ ■ ■ , 9p \ ao, ■ ■ ■ , ctq) (5) 

= (fi'o, • • • , 9f\9l^\ ...,gp\ao,...,aq) 0<i <p, 

'^p,q (fi'o, • • • ,5'p I oo, • • • ,s) 

— [9o J 9o, ■ ■ ■ , 9p^ [% ■■■% )9o I cto ■,■■■■,%}■ 



Theorem 3.1. C\\7i with the operators defined in ^,^) is a cocylindrical 
module. 

Proof. We verify only some of the important identities. The other identities 
are similar to check. 



'^P,g+^'^p,qi90, ■ ■ ■ , 9p \ CtO, ■ ■ ■ , 0,q) 

_ / I (0) (1) N 

— 'Tp,q+l{gO, ■ ■ ■ ,gp \ % 7^0 ) • • • ) SJ 

— Op,qW IS ) [90^ ■ ■ ■ idp) \ % ■, ■ ■ ■ 1 <lq-, % ) 

= d^'!q\9o,---,9p\ao,---,aq)- 

'p,q-l'-'p,q ^p,q \'p,q) 



T, 



^-1^.(1) 



(0)^ 



p,g 

9+1 



-i^p,qi9o, ...,gp\ao,...,aq) = {S (a^ ') ■ {go, ...,gp) | ai, . . . , a^, a^ )e(ai), 



^P,t (^p,g) {9o,---,gp I ao,...,ag) 



,g+i//c-i/^(i))vc-V^(i)) 



(0) ^(0)^ 



<i(^"i«r)(^-'(«r)) ■ (^0, . . . , ^p) I ^2, . . . , s, a^^^ aD 



^i^.(i) 



(0)^ 



(S {% )■ {go, ...,gp) \ai,...,aq, a^ ')e{ai). 



'p-l,q'-'p,q '-'p,q \'p,qj 



^P-1, 9^5,9 (fi'O) ■■■,gp\ao,...,aq) = {g2, ■■■,gp, {a^ . . . a^q^)go \ a^ , . . . , af^)e{gi), 
^p7q^i^P,qfi9o, ...,gp\ao,...,aq) 

= ^p7q\92, ■■■,gp, {ao^ . . . af^)go, (4^^ . . . 4^^)^i I 4°\ • • • > 4°^) 
= {g2, ■■■,gp, {ao^ ■ ■■a'q^)go \ 4°\ . . . ,af'^)e{gi). 

ip+l,q'~^p^q '-'p^q 

'T^p+l,q(^p,q{gO, ■ ■ ■ ,gp I OO; • • • ; S) 

— [go ,gi,---,gp~i,[0'o ■■■% )9o I "^o ■:■■■■:%) 

= ^g+l(fi'0, • • • jS*? I OO, • • • ,S)- 



'p,q'p,q 'p,q'p,q 



Vp,qT~p,q){gQ^ ■ ■ ■ t dp \ <^0) ■ ■ ■ ) 0,q) 

= rp,q{9i, ■■■,9p, {ao^ ■ ■ ■ a'q^)9o \ a^o\ ■ ■ ■ ^ 4°^) 

= (5-^(a«) ■ {g^, ...g,, (^^^ . . . af^)go) \ af\ . . . af\af) 

= {S~\a^'''') ■ (91, ...9p), S~\aip^'^){aip^a? . . . af^)g,) \ af\ . . . af\ a^ ^ 
= iS-\aS^) ■ {g,, ...g,), (a? . . . a«)(?o I af\ . . . af\aP). 

{T'p,q'Tp,q)i90, ■ ■ ■ , 9p I ttf), . . . , ttg) 

= ^p,g('S' (og ) ■ [go, . . . ,gp) \ ai, . . . ,aq,aQ ) 

= rp,g(5"^(4^^^°^)^o, 5"^(4^^^^^) ■{gi,...,gp) | oi, . . . , a^, 4°^) 

= {S-\af^^'^) . (g,, ...,gp), (ap . . . a«4^V"'(4'^^'^)^o) I «!, • • • , a„ g^) 

= (5-^(a«(^)) ■ (^1, . . . , ^,), (Gp . . . a«a«(°))5-i(a«(^))^o) \ a^, . . . , a„ 4°^) 

= ('5~^(ao^^) ■ (^i,...,^p),(aS^^..aJ,^))^o) I oi, . • • , a^, 4°^). 

'p.g 'p,<j ' p,q 'p,q '■'-^p,q 

'rp^^^p^^i9o,---,9p I ao,...,ag) 

= rl^\{af^'^ ■ ■ ■ 4^^)^ ■ ■ ■ , (aP ■ ■ ■ «?)^p I «r, ■ • ■ , «? ) 

= 5-(a® . . . af )) . ((a^^) . . . ap)),o, • • • , (a? ^ . . . af )),,) | af\..., af) 

= (S'o, • • • ,fl'p I flo, • • • ,s)- 



D 



Corollary 3.1. The diagonal A(C^7i) zs a cocyclic module. 



4 Relation of A{C\\n) with the Cocychc Mod- 
ule of the Crossed Coproduct Coalgebra 

CxH 

We define a map : C*(C>^7f) ^ A{C^n), by 



{S \a^^K..a'p^)go,S ^{a^^'^ . . .af^)gi, . . . ,S ^{a^P^)gp^i, gp \ ao,af\ . . . ,a^^^), 

where C*(C X Ti) denotes the cocychc module of the crossed coproduct 
coalgebra C X H. 

Theorem 4.1. : C* {C XH) -^ A(Ct]7i) defines a cocyclic map. 

Proof. We show that commutes with the cosimphcial and cychc operators: 

» rn,nfn,n(p = 4>T^^^'^ 

Tn,nfn,n(l){ao ® fi-Q, • • • , «„ (g) gn) 
= Tn,nfn,n{S'^i(^l^ ■ ■ ■ O'n^)90, 5'"^(4^^ • • • 4^^)fi'l, • • • , S'^{al^^)gn-1, gn \ ^0, of \ • • • , a^^^ 

= r„,„(5-^(af . . . af )^i, . . . , 5-^(a(p))(?„, (a« . . . aS^)S-\af'> . . . aS^)go 



n 



"0 5 "l) • • • 5 "n y 



n / 



/C-1/ (1) (Dn (1) I (0) 

- W [% ) ' [^ [(^2 ■ ■ -O-n )9i,- ■ ■ ,9n,ao 9o) \ o,i,a2 ^- ■ ■ ^0,n%% ) 

- {S~\af^ . . . aS^aS^)g,, ..., ^-^(af )^„, S-\a^'^)a^'^go) \ a^, af\..., a^, 4°^) 
= (5-i(ap . . . aS^a^J%, . . . , ^-^(af )^„, go) \ a,,af\..., a^, af ) 

= 0(ai O 5(1, . . . , a„ O 5f„, ao ® 5-0) = 0r^^(ao O fi-o, • • • , a„ O 5f„). 

<,n^;„0 = 0^f ^^'^ < 2 < n 
= <n<,n(^"'(a? • • • a?)^o, S'\ap . . . a^^^)g,, ..., S-\at^^)g^_,,g^ \ ao, af\..., 4°)^ 

- (^^ [^ai . . .ai_ia^_^^. . .a)^')go,b (^02 . . .ai_^aij^^. . .a)^' )gi, . . . ,b [a'^')gn-i,gn 

- ('C;'-l('^(^) ^W ^(^) ^(l)^n C^-V^^^) ^(^) (2) (2)x Q-l('^(")^n r, 

- (^^ (^a^ . . .aj_iaj^_i . . .a;j'j5'o,'J 1^2 • • • Oi-i^i+i • • • o„'j5'i, . . . , o [a'^' )gn~i, 9n 

I (0) (0) (0) (0)\ / ^ \ 

= (f)af^^{ao^go,...,an^gn)- 



n 



d:%'d:%'<^ = <f>d^r 



:^ra+l an+l 



go,...,an<S) g-n) 



dZ'dZ'iS-\a? . . . aS^)go, S'^af^ . . . a^^)g,, . . . , ^"^(af )^„_i 



ao,af\.--,a(f^; 



dZ\S-\af^^'^ . . . ai^)(°)),«, S-\af^ . . . a!:p)g,, ...,,„, 

(4^..a«)5-(af)(^..af)«rf|4^...,a(?)) 
dZ\S-\ai^ . . . af )^«, S-\a? . . .a$^)gu ■ ■ ■ , 9n, 

(4^..a«)5-(af...ai^)),riar,...,4'^) 
dZ'iS-\a? . . . a(M'\ S-\af^ . . . af )^i, . . . , ^„, a^^^ | a^ , . . . , af ) 

(q-i(Jo){i). /o-i/ (i) ^(i)^^(l) c-V^(2) „(2)n ^ ^(o)(2) (i)(I) (o)^ 

I „(1)(0) (0) (0)(0)x 



U(0){n+2).(0){n+3)(l)(l)(0)^ , ^(1)(0) 



O (flg " ' jO-O " 'Oq " 'fi'6 J I '^6 " '?•••? ^n' J '^0 



(5) ^(0){0)^ 



= {S-\af^ . . . aS^a^^)^^, S~\af . . . <^<^^)g^, . . . , S-^a^^'^'-^n, 

"O i/O J I "O 5 • • • ) "n 5 "O )■ 

= 0(4^^^°^ (g) 5fJ^\ ai (g) 5-1, . . . , a„ O 5f„, 4°^ O a[)^^^^^5(J°^) 
= (5-(ap . . . aW4°)%S^ ^-^(a? • • • aS'a^^^^')9u ■■■, 

*-' {(^0 )9n, Oq 6*0 ) I '^0 5 • • • 5 "^n 5 '^0 ) 
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• 5 '^ra y 



= dlJl^{S-\af'> . . . aS^)go, S-\ap . . . a^^^)gu . . . , ^-^(af ))^„_i, g^ \ a,, af\ 
- dUS-\af^ ■ ■ ■ a^)go,S-\ap . . .^)g,, . . . , S'^ia^^ . . . o^^)i^ . 

S-'ia^:^^ ■ ■ ■ ai^'^)9^\ ■■■, S-\a^^)gn^,^^ \ ao, af ),..., af; 
= dUS~\a? . . . a^:^)go,S-\af^ ■ ■ ■o!^)gi, ■ ■ ■ , S-'ia^^ . . . ap))^f , 

b [a-_^_^ •••a„ )9i ,---,J ia„ )9n~i, gn \ ao,a^ ,...,a'n') 



(5-^(ar ■ ■ ■ al!^)9o, S-\a}^> . . . a}^^)g,, . . . , S-'{a^:^> . . . a^^^)^. 



t ' 



V,{^+2) ,(1+2)^^(1) ,Q-Vn(^+T)u ,nln„n(o) af ^^°\ af ^'\ . . . , af 



C.-1/ (i+2) ^(i+2)x (1) c;,-!/ („+l)x I (0) 

^ ia,j+i •••fln Jfi'i ,---,'J la^j )9n-i,9n\ao,o,;^ ,..., 



jO^W 



(ao O 5-0, • • • , On ® 9n) 

0(ao ® ^0, • • • , of ^ ® af ^^^^^f \ af ^^°^ ® ^f \ . . . , a„ ® ^„) 

(5-(ap . . . a^^a^^^ . . . a!^)go, S~\af^ . . . af^^ a^^ . . . a!!^)g,, . . . , 

S-\a!r%!p^ . . . a»),._„ 5-(a«(^^^) . . . ap))af ^^^-^^^.f , 

S-\a!^ . . . a!^)g^\ ..., 5-(a(^)),„_„ ,„ | a„ af\..., af ^^^ a^^^ . . 
{S-'{a?...a^...aS^,S-'iaf^..^K..a§^g,,...,S-'iafK..a^^^^ 

,o [ai_^_i ...a^ ')gi ,b [aj^_^_^ . . . a^^ 'jg^ ,---,o [a:^ ')gn-i,gn 

I "0? "l 5 • • • 5 "i ) "i ? • • • "n /• 



D 

Theorem 4.2. PFe /iawe an isomorphism of cocyclic modules 

A{C^H) = C\Cxn). 

Proof. We define a map ^ : A^C^H) ^C'^CxU), by 

i^{9o,---,9n I ao,...,a„) = 

(ao ® (ap . . . a(^))^o, af^ ® (af . . . a(^))(?i, ...,a%® (af )(?,_i, af ® (?,) 
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al°)l 



One can check that ip is a cocychc map and (f)oilj = iljo(f) = id. For example 
(t>°i^{9o,---,9n I ao,...,a„) = 

(5-i(ap . . . a?)(af )a?) . . . af^)go, S'\af^ . . . af^)iaf^af . . . af^'^)g,, 

= [go^ ■ ■ ■ , dn \ do, ■ ■ ■ , On)- 

D 

Now, we can use the Eilenberg-Zilber theorem for cocyhndrical modules 
to conclude 

H'{Tot{C^n);\N) = HC*{A{C^n);W) ^ HC'{Cxn;W). 

5 The Cocyclic Module C:^(C) of Coinvariants 
and Cyclic Cohomology of C X H 

Let M be a left 7Y-comodule with the coaction Am- We define the space of 
p-cochains on Ti with values in M by ^(Ti, M) = 7i^^ ® M, and we define 
the coboundary 6 : Oi^H.M) -^ Qp+^H, M) by 



Sigi, 5-2, • • • , 9p, m) = (1, 5-1, ... , gp, m) + (6) 

i=\ 

We denote the p-th cohomology of the complex (C*(7i, M), 5) by HP{7i, M). 

Now we define a left 7Y-coaction on the first row of C^Ti, C\^ = {7i ® 
C^^("+^)}n>o, by 

A(^ I ao, . . . , a.) = (5-^(^(^))(a« . . . a«)^(°) | ^(^) | a^, • • • , af )• (7) 

We define C'^(C)^) = TY*^"^ ® C^ and a coaction on it by A{gi, . . . , gp \ m) = 
{gi, . . . ,gp\ A(m)) where m G C^. So we can construct Hp{H, 0{Cy)). We 
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define C^(C) as the coinvariant subspace of C^ under tlie above coaction, 
so tliat Cli^iC) is tlie space of all ((7 | oq, . . . , a„) such that 

A(5f I ao, . . . , a„) = (1 I 5f I ao, . . . , a„). 

Now we replace the complex (CtjTi, ((9, a, r), (9, a, f)) with the complex 
(C^(7i, C'^(C^), ((),s,t), (0,5, i)), under the transformation defined by the maps 
/3 : (Ct]7^)p,, ^ CP(7^, C«(Ci)), and 7 : 0>{n, 0{C\^)) -^ (Ct]7^)p,„ defined 
by 

/3(5fo, . . . , fi-p I ao, . . . , Og) = (S'"^(5f(^)) ■ (5-1, ...,gp) \ gf^ | oq, . . . , aj, 
l{.gu • • • , fl-p I fi- I oo, . . . , s) = (fi-^^^ fi-^^^ ■ (fi-i, . . . , fi-p) I ao, . . . , ag). 

One can check that f3oj = jof3 = id. We find the operators (c),s, t) 
and (^,s,t) under this transformation. 

• First we compute b = (3b^. Since 

6(5-0, . . . , fi-p I oo, . . . , flq) = ^ (-l)*(fi'o, • • • , fi-f \ fi-i^^ . . . , 5fp I ao, . . . , Og) 

0<i<p 

we see that, 

bigi, ...,gp\g\ao,...,aq)= f3b{g^^\g^^^ ■ {gi, . . . ,gp) \ ao, ■ ■ . ,aq) 
= (3{{g^''\g^'\g^^^-{g^,...,gp)\ao,...,aq) 

l<i<p 

= {S-\g^'^)-{g^'\g^'^-{gu...,gp))\g^'Uao,...,aq) 

+ E i-^yiS-\g^'^) ■ {g^'^gu • • ■ , g^'"-'^ gr\ g^^"^ g^\ ■ ■ ■,g^'^'^g,) I g^'^ I ao 
i<j<p 

+ i-lY^^'\S-\g^'^) . (^(^) ■{gu...,g,), (a? . . . a?)^(°)) | g^'^ \ af, ■ ■ ■ , af ) 
= (5'^(^('))^('\ (5-'(^^'^)^('^) ■ (^1, . . . , ^p) I ^(°^ I ao, . . . , a,) 



, • • • , a^j 
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+ J](-ir(5-^((?«)-((7(2)-((7i,...,#,^«,...,(?,))|(?(°)|ao,...,s) 
i<j<p 

= {^,gi,---,gp\g\ao,...,ag) 

+ Yl (^^)*(^i' • • • ' ^f ^ ^r^ ■■■,gp\ g\ao,---,aq) 

l<i<p 

= S{gi,---,gp\ g\ao,■■■,aq)■ 
So we have, 

^o{gi, • • • , fi'p I fi' I oo, . . . , ag) = (1, 5-1, . . . , 5fp I 5f I ao, . . . , Og), 

^i{gu---,gp\ g\ao,---,aq) = {gi, ■■■,gi^ ,gi^ ,---,gp\ g\ao,---,aq) i <i <p, 
^p+i{gi, ■■■,gp\g\ao,---,aq) = {gi,---,gp\ Mg I oo, • • • , aq))- 



• To compute t = (3tj, we see that, 

^9l, ■■■,gp\g\ao,---,aq) = fi^{g^^\g^^^ ■ {gi, ...,gp) | Cq, . . . , s) 
= /3(^«-(^i,...,^,),(a«...a«)^(°)|af,...,af)) 
= /3(^«^i,...,^(-)^,,(4^..a«)^(°)|ar,...,af) 

So we conclude that 

t(fi'i,---,fi'p \g\ao,---,ag) 

= iS'\g^^^)-{g,,...,g,,S~\g^'y){aSK..a^Jy)g^'y)\g^'^grUa^ 

For Sj = f3ai-y, < i < p, we have 

Silfi-i, . . . , fi-p I 5- I ao, . . . , flg) = /3ai{g^'^\ g^^'^ ■ {gi, . . . , gp) \ ao, . . . ,ag) 

= P{g^°\g^^^ ■ {gi,---,gi,gi+2,---,gp) I ao,...,ag)e(^i+i) 

= {9u---,9'h 9i+2, ...,gp\g\ao,..., ag)e{gi+i). 
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Next we compute the operator b = /Blry. We have 

^{91, ■■■,9p\ 9\ao,---,ag) = f3b{g^^\ g^^'^ ■ {gi, . . . , gp) | ao, . . . , s) 
= f3{J2{-iy{g^'\g^'^-{g„...,gp)\ao,...,af^\a^\...,a,) 

0<i<q 

+ {-lY^\S-\aP^'^).{g('\g('^-{g„...,gp)\a^i\ao,...,a,,aP^^^) 

0<i<q 

+ {-ir\{S-\9^'y)a'^''''S^\a^^^^>)) ■ (,(^) ■ {g„ . . .,,,)) | S-\a^^^%(^^ 

I Ug , UQ, . . . , Uq, Uq ) 



= ( Yl (-'^y(9i,---,9p I ^ I ao,...,af\af\...,ag) 
0<i<g 

So we conclude that, 

^i{9i,---,9p \ 9\ao,---,aq) = {9i,---,9p I 9 I Oo, • • • , af^ «f ^ • • • ^ «g)) < i < g, 
t'g+i(fl'i,---,fi'p \ g\ao,...,aq) = {gi,...,gp \ S~^{a^Q^^^^)g \ 4^^ Oq, • • . , s, 4°^^°^). 

• We consider Sj = /3(Tj7 and t = (3t^. 
Si{gi,---,gp \ g\ao,...,ag) 

= P{9^^\9^^^ ■ {9i, ■■■,gp) \ao,...,ai, 0^+2, • • • , ag)e(aj+i) 
= (fi'i) • • • 1 5*? I 5* I c^O; • • • ; «j; Oj+2, • • • , aq)e(aj+i). 
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Also, for i = /3r7, we have 

K9i,---,9p \9 \ao....,ag) 
= /3T{g^^\ g^^^ ■ {gi, . . . , gp) | ao, . . . , aj 

= /3(5-^(a«) ■ (^W, ^(1) ■ {g,, ...,gp))\a,,..., a„ a^)) 

= /3(5-i(a«)^W, S-\af^) . ((?« ■ (^1, . . . , gp)) \ a,,..., a„ af )) 

= i{S-\g^'y)ai^ S^\af)) • {g,, ..., g^)) \ 5-^(a«)^(°) | a,,..., a„ g^)) 

= iiS'\g^'^) ■ ig„ ...,gp)) \ S-\ai;^)g^'^ | g^, . . . , a„ g^^^)). 

By the above computations, we can state the following theorems. 

Theorem 5.1. The complex {C{C\]7i)p^q^\N,b + uB,b + uB) is isomorphic 
to the complex (Cp(H, 0{C^ K W), b + u<8, b + u^), where b is the Hopf- 
comodule cohoundary on C'^(C)^). 

Theorem 5.2. For p > 0, Hp{'H,C''{C^)), with the operators defined as 
follows, are cocyclic modules, where H'^{H, C'^(C^)) = C^{C), 

t(^i, ■■■,9p\9\ao,---,aq) = {{S'^{g^^^) ■ {gi, ■■■,9p)) I '^"^(4^^)^^°^ | oi, • • • , S, a^o^)), 
^i{9i, ■■■,9p\ 9\ao,---,aq) = {gi, . . . , ^(p | 51 | gq, • • • , a^^ , a/ , . . . , a.^), < i < g, 

^q+i{9i, ■■■,9p\ 9\ao,---,aq) = (fl'i, ■■■,9p\ S'^{ao^^^^)9 I a^o\ Oq, • • • , S' (^0^^^^)^ 
Siigi, . . . ,gp\ g \ ao, . . . ,aq) = {gi, . . . ,gp\ g \ ao, . . . ,ai, 0^+2, • . . , aq)e(ai+i). 

Proof. We prove this for p = 0, the general case being similar. 

The operators are well defined on the coinvariant subspaces. For example, 
for t, since tb = bt and b{g \ a^, . . . , an) = A.{g \ ao, . . . , a„) — {1 \ g \ 
ao, . . . , a„), if tb = then bt = . 

To show for example t""*"^ = 1, we see that in the coinvariant subspace we 
have, 

(1 1^1 ao,..., a.) = (5-^(^(^))(a(^..a(VM^^^M«r, ••-,«?)• 
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So we have, 

■1 I . I ._ . A _ s_ ^T/C-l/.(2)A^.(i) M)\^(0) I „(1) I 

iQ , . . . , Llg 



50 o t(l I g\ao,..., an) = Bo o iiS-\g'^'^){a^^^ . . . a«)(?(°) | g^''' \ a^^\ . . . , al°)^ 



= (,«|ar,...,afM5-(,(^))(a?...a«),(°)) 
= {g I ao,...,a„). 

Therefore, 

= MS'\g^){ai'...aS^)g^\g^S-\g^){ai^...ai^)g^\a^,...,a^] 
= i9^'^S-\g^^y){af^ . . . aS^)g(^^ \ a^^\ . . . , a^ )e(5-(,(3))(«a) . . . ««),(!)) 

= ((a«...a«),|ar...,af). 



Therefore, in the coinvariant subspace we have 

{g\ao,..., an) = ((4^^ . . . al^^)g | 4°^ . . . , 4°^), 
and then we conclude that 

i'^^^ig I ao,...,a„) 
= i-^\{aip...aS^)g\a^,...,a^) 
= (5-^(a«...a«)(a(^)...a(^)),|af,...,a(° 
= {g I ao,...,a„). 

Also when p = 0, then 

(5o(5' I oo,. . .,a„) 
= (1 I fi' I ao, • • • , On) - A(5( I ao, . . . , a„) 



(1 I ^ I ao, . . . , an) - (5-^((?(2))(a« . . . a«)(?(°) | (?(i) | 4°^ a 



5 • • • 5 "g J 



So ker 5o is the coinvariant subspace. D 

To compute the cohomologies of the mixed complex {Tot'{C{C\]7i),b + 
b + u{B + B)), we filter the complex C*{C\\7i) by the subspaces 

FpgTot'{C{c\\n) m\N) = ^(H®(p+i) ® c'®(«+^)) K w. 
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If we separate the operator b + b + u{B + TB) as 6 + (6 + uB) + uTB. From 
Theorem ( ^.11) and ( ^.2|) we can deduce the following theorem. 

Theorem 5.3. The E^-term of the spectral sequence is isomorphic to the 
complex 

and the E^-term is 

El^ = {H^{HX''{Ci)M\N),h + u^)). 
The E^-term of the spectral sequence is 

El^ = HC\H^{nX'{C\,))-\N), 

the cyclic cohomologies of the cocyclic modules H^{'H,C'^{C\^) with coeffi- 
cieints in W. 

We give an application of the above spectral sequence. Let fc be a field. 
Recall that a Hopf algebra 7i over k is called cosemisimple if 7i is cosemisim- 
ple as a coalgebra, that is, every left H-comodule is completely reducible Q . 
One knows that a Hopf algebra is cosemisimple if and only if there exists a left 
integral x G H* with a;(l) = 1 (P], Theorem 14.0.3). It is easy to see that HTC 
is cosemisimple and M is an 7i-bicomodule, then the coalgebra (Hochschild) 
cohomology groups satisfy H'{n, M) = ior i > 0, and iJ°(H, M) = M™'^, 
the subspace of coinvariants of the bicomodule M. In fact, we have the 
following homotopy operator h : 7^^" O M ^ 7^cg>(n-i) (g, M, n > 1, 

h{gi, ...,gn,m)= x{gi){g2, ...,gn,m). 

One can check theat 6h + h6 = id. Note that the antipode of 7i is bijective 
if 7i is cosemisimple. 

Proposition 5.1. Let Ti he a cosemisimple Hopf algebra. Then there is a 
natural isomorphism of cyclic and Hochschild cohomology groups 

HC'{Cxn) - HC\C^{C)), 

HH'iCxH) - HH'{C^{C)). 

Proof. Since Ti is cosemisimple, we have E^ = for p > and the spectral 
sequence collapses. The first column of E^ is exactly H*{7i,C)^) = C^(C). 

D 
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